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A Condition is found for the selection of a mathematical model of the temperature 
process and results are presented for the solution of the combined heat- and mass- 
transfer problem. 

Confidence in the quantitative results of researches on the freezing--thawing of disperse 
media depends primarily on the selection of the mathematical model (MM). Many papers [1-7] 
are devoted to the mathematical modeling of this physical process but not all the proposed MM 
are applied extensively in practical geocryological forecasting. The reason for this is the 
lack of a functional dependence on the temperature and the total humidity of certain phenom- 
enological parameters or boundary conditions (the coefficient of diffusion in the freezing-- 
thawing zone, for instance) [5, 8, 9]. By using special methods of identification in recent 
years, new algorithms have Been developed to restore the mentioned MM parameters of heat and 
mass transfer (HMT) [i0, ii]. 

I. The general MM of the heat and moisture propagation process is given in freezing- 
thawing disperse media by the system of A. V. Lykov equations [1-3] 

OT (1) cp , = - -  div q t + L OOC~ 

09~ -- div q~ 09o~__t , (2)  

where qt = --X grad T + c~qm; q~ = --k0(grad ~w + ~ grad T); qt' qm are vectors of the specific 
thermal and moisture flu~ densities (W/m 2, kg](m2"sec)). 

For simplicity in the exposition we consider a one-dimensional seasonal freezing--thawing 
problem for a moist disperse material. ~o approaches (kinds) of interpretation are known 
at the present time for the above-mentioned MM of HMT [6]. 

I. In coarse dispersed media the phase transition of free water occurs completely at the 
specific temperature Tf = 273~ Such a jumpllke change in the aggregate state of free water 
takes into account the Balance condition on the moving phase separation boundary ~(~). The 
temperature fields in the frozen and thawed zones are described, respectively, by the usual 
heat-conductlon equations [i, 6]. The moisture mw migrates only in the thawed zone. 

The following conditions are satisfied on the moving phase interface ~(T): a Stefan-type 
condition is conserved for the heat fluxes 

~m OT~[ - - Z t  OTt  - - L g k  Oa~w - - L p ( ~ w - - ~ o g r )  0___~_~_ ( 3 )  
Ox 1~- Ox ~+ Ox & ' 

and the continuity condition for the temperature 

Tm (~-, T) = T t ~+ ,  *) = Tf  = const .  ( 4 )  

Without taking account of the moisture transfer ~w we later denote the temperature problem, 
also known as the Stefan problem, by DIM TP-I, and the combined heat- and mass-transfer prob- 
lem by MM HMT-I. 
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TABLE I. Parameters of the Nonfrozen Water Functions 

R o c k  a b d ~oo, % A, % O~g r ,  % T,,  K T.~, K T~, K 

Gravel 
Siltstone 

Limestone 

4,1 
11,73 
1,78 

0,73 

0,80 
0,90 

0,00 

0,33 

1,44 

15 

5 
5 

6,8 
5,0 

2,4 

1,11 

1,40 
1,60 

253 289,84 
253 271, O0 

273 
269,84 
273 

2. Different salty and finitely dispersed media are characterized by certain freezing- 
thawing singularities. The free water in these media freezes at a temperature of Tf = 273"K 
while the bound water is crystallized as the temperature is lowered [3, 6, 12]. A change in 
the aggregate state of the bound water occurs in a certain temperature band IT,, T2] (Table i~ 
whereupon a freezing zone is formed. The MMHMT-2 has the form [2, 4-6] 

OT 0 (z O--~x ) + L ~176176 
cp o~ o~ oT 

ooo~w = __!_o (k O~w_) opa, i 
0"~ Ox Ox ) O'r 

0 < x < / ,  T > 0 .  

(s) 

(6)_ 

For simplicity in the subsequent exposition we isolate the MH of the temperature problem 
(5) and denote it by MM TP-2. We first examine the question of mathematical modeling of the 
temperature process. 

II. The degree of thawing--freezing ~(T) is ordinarily of interest for geocryological 
forecasting. The degree of thawing for the MM TP-I is determined by the temperature isotherm 
Tf = 2730K, while the concept of the thawing-freezing front is missing for the MM TP-2 since 
the phase transition of the interstitial water occurs in a certain temperature band. In order 
to select the degree of thawing ~(T) for the MM TP-2 we first consider the physical considera- 
tions from which the phase transition temperature Tf is selected for the MM TP-I. 

The Stefan problem (MM TP61) is ordinarily solved numerically by a smoothing method [13], 
This is equivalent to the assumption that the phase transition occurs in a certain temperature 
interval whose length is determined by the magnitude~ofthe smoothing parameter A and not at 
one definite temperature Tf. Different values of this parameter are usually given in a numer- 
ical experiment, i.e., the phase transition temperature band is changed and the power of the 
phase transition heat source remains constant. It should be noted that T= = 2730K is the mean 
temperature of the phase transition heat source T~ and the temperature at which equality of 
the quantity (mass) of water in the solid (ice) arid liquid (water) state Ti.w. is observed, 
i.e., Tf = ~= Ti.w. = 273*K. 

For the MM TP-2 these temperatures are expressed in terms of the function of the quantity 
of nonfreezing water ~ (T): 

n.w. 

Tfm= 1 T, 0~On.w(T ) [ T dT, 
to ~ - -  o~ gr f~ OT 

T i . w .  ~ --1 0 %.w{(~o - cog~ )/2). 

The isotherms of these temperatures ~(T~f), $(Tgr) may be taken as the thawing--freezing front 

for the MMTP-2. For any disperse medium theT~, Ti.w. do not usually agree (see Table 3 below). 

Taking account of the above-mentioned temperatures T mf and Ti.w. , numerical computations 
are performed for two different boundary conditions 

Off x=; (i) - - 0 ,  ~ > 0 ,  

TIx=1 = T~ z > O. ( I I )  
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TABLE 2~ Thermophysical Characteristics of Rocks 

Rock, ce , I 
]/(k~.K) ,0% % ~t, W/(m.K)! Z m, W/(m.K) o, kg/m ~ 

Gravel 
Same 

>> 

>> 

8iltstone 
Li mesto ne 

748,8 
748,8 
748,8 
748,8 
874,4 
852.8 

lO 
I5 
2o 

5 

1,16 
1,33 
1,74 
2,04 
1,80 
2,50 

1,39 
1,80 
2,21 
2,72 
2,07 
3,13 

1600 
1600 ~ 
1600 
1600 
2400 
2400 

TABLE 3. Degrees of Thawing ~(T) (m), Obtained by Using Differ- 
ent MM 

Rock 
number 

Gravel 
I 

II 
I 

II 
I 

II 
II 
II 

Limestone 
I 

II 
~iltstone 

I 
II 

% 

5 
5 

10 
10 
15 
15 
20 
20 

7 
r  

r 

270,9 ]271 ,G 
270,9 271,(} 
271,9 272,3 
271,9 1272,3 
272,2 1272,5 
272,2 [272,5 
272,5 ]272,7 
272,6 !272,7 

2,15 
2,10 
1,70 
1,60 
1,55 
1,50 
1,34 
1,35 

2,75 
2,40 

2,50 
2,20 
1,50 
1,52 
1,35 
1,20 
1,20 
1,30 

2,85 
2,50 

7 

8,30 9,50 
5,20 I 5,65 
2,25[ 2,85 
2,10 ] 2,60 
1,75 2,25 
1,60 2,00 

I 
271,1 271,2 
271,1 271,2 

265 5 264 8 
265:5 264:8 [ 

2,45 
2,10 

4,90 
3,75 

1,42 
1,42 

T* 
5,10 

T 
T 

8,67 
5,31 
2,15 
2,19 
1,83 
1,68 

1,55 1,46 
1,50 1,43 

5,40 570 

9,00 
5,95 
2,40 
2,30 
2,00 
1,80 
1,58 
1,45 

7,75 
4,80 
,90 
,90 

,50 
,50 

,35 
,35 

7 ~ 

b~ 

7,35 
3,55 
1,15 
1,00 
0,70 
0,50 
0,21 
0,15 

3,00 

*Specimen in the thawed state. 

OY 
Taken as initial data for the model example were: --k-~-x x=0---- =(T--Tc(~)), ~> 0; T(x, 0) = 

T ~ 0 < x < l; T~(~) ~TA -~At cos (2~(T -- Tt)/T2); Ao -- 273 K; At = 6 K; 3t = 131.4"10 ~ sec; 
T2 = 3~5.3~,i0' see; =o 525.6.10 s sec; a = 8.715 W/(m2,K); N = 40; T o = 269 K. 

The thermal properties and parameters of the nonfrozen water of soils are represented 
in Tables 1 and 2 [9, i0] The problems described numerically were solved on an electronic 
computer by an implicit difference scheme with the use of iteration [13]. 

Presented in Table 3 are the degrees of seasonal thawing at the end of September after 
5 years, computed by using different ~. 

It is seen from the numerical experiment that upon satisfying the inequality I Tf --T~I < 
0.5~ the maximal discrepancy in the degree of thawing A~ does not exceed 15% (~ is the rela- 
tive error in the degree of thawing 

a t =  I~(Tf) - -~(T~)[  100, %, 
( rf5 

m o b t a i n e d  by u s i n g  t h e  MM TP-1  ~ ( T f ) ,  ~(T~) a r e  t h e  i s o t h e r m s  o f  t h e  t e m p e r a t u r e s  Tf and  Tf 
and TP-2, respectively). 

It hence follows that in coarsely dispersed media where the bound water content is slight 
ITf -- ~I < 0.5~ and ITs, T3] ~ [T ~ rc] , it is expedient to use M~ TP-I (the Stefan formula- 
tion). The quantity 0.5~ is found as a result of analyzing the solutions of heat conduction 
problems obtained by using the two considered MM [6, 14, 15]. In the opposite case ([T~ -- 
T~I > 0.bQK) it is necessary to use MM TP-2 for an accurate forecast of the temperature~fleld. 
T~e [onfidence of such an approach follows from the fact that the divergence of the isotherms 

and ~(~f) (Table 3) grows as the difference ITf --T~I increases. ~(Tf) 
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Fig. i. Distribution of the temperature T and nonfrozen water 
mn.w. along the specimen length for T = 5 years (a -- m* = 5%; 
b -- 10) and change in the total humidity m at different times: i) 
i year; 2) 3; 3) 5; 4) I0. ~, %; T, K; Z, m. 
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Fig. 2. Dynamics of the distribution of the total humidity m (solid lines) and the 
nonfrozen water mn - (dash-dot) for different values of the diffusion coefficient: 
i) o . 1  k; 2) 1 k~ ~ lO k. 

Fig. 3. Profile of the total humidity m, temperature T, and nonfrozen water ~n.w 
(dash--dot lines) along the specimen length: i, 2) with and without taking account 
of heat insulation. 

If there is no requirement of high accuracy on the computation then MM TP-I can be used. 
Here Ti.w. or T~ can be taken here as the phase transition temperature Tf (see Table 3). Such 
a shift of the phase transition point results in approximation of the temperature fields cal- 
culated by using MM TP-I and TP-2, and permits an approximately 20% saving in machine time as 
compared with the MM TP-2. It should also be noted that the limestone (I) and siltstone (I, 
II) specimens are in the thawed state according to MM TP-2 while the degrees of thawing do 
not go beyond the limits 2.75 m (Table 3) according to MM TP-I. 

III. After the identification of the missing coefficients [i0] in the mathematical 
modeling of combined heat- and mass-transfer processes, MM TP-2 is extensively applied in 
practice. 

Presented in Figs. la and b are results of a numerical experiment of the mentioned pro- 
cess at the end of September, obtained by using the MM HMT-2 at different times for a closed 
specimen with respect to humidity, i.e., 

k OPe)w- = k OP~wl = O. 

OX Ix=o OX ]x=z 
The initial data of the temperature problem is from Sec. 2. The initial humidity equals 
o = 5, 10%. We represent the diffusion coefficient in the form k = k(T, mw, ~i ) = k,(T) exp 
(ka~ w- ks~i), ma/s ec, k1(T) = 1.4.10-S(l + 0.04T); ka = 0.172; ks = 0.23. 

It is seen from Fig. 1 that migration of the interstitial water towards the frozen zone 
is observed in the first year of the temperature action. In subsequent years the migration 
of the nonfrozen moisture is magnified and moves toward the frozen zone. As o increases 
the maximal value of the total humidity grows, which can result in an abrupt change in the 
strength and deformation properties of the dispersed rock. 
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Shown in Fig. 2 are graphs of the distribution of the total humidity m along the speci- 
men length at the end of September (after 5 years) for different values of the diffusion coef- 
ficient. In the third case the diffusion coefficient is i0 times greater than in the second 
and the process of moisture tending toward the frozen zone is magnified, the zone of shrink- 
age and the degree of thawing increase, correspondingly, by 30-40%. 

Presented in Fig. 3 is a comparison between the distributed temperature T and the total 
humidity ~ obtained with and without the heat insulation coating on the left boundary of the 
disperse medium taken into account at the end of September after 5 years. Polyurethane foam 
PPU-6 of 0.1 m thickness was taken as heat insulation. It is seen from the figure that ap- 
plication of a heat shield coating reduces the degree of thawing, diminishes the tendency of 
the total humidity toward the freezing zone. It hence follows that heat insulating material 
can be used to control the strength and deformation properties of frozen disperse rocks [16, 
17]. 

NOTATION 

c, specific heat; k, diffusion coefficient; L, specific heat of the phase transition; 
l, plate thickness; N, number of sites in the spatial coordinate; T, temperature; Ao, A~, T,, 
T2, T3, constant temperatures; T c, external temperature; ~i' ~i' mn w' mgr, ~, ice, water, and 
nonfrozen, securely bound, and total humidity; x, spatial coordinate; a, heat elimination 
coefficient; AT, time step in the mesh; T~, T=, constant times; 6, thermal gradient coeffi- 
cient; ~, location of the phase transition front; ~, heat conduction coefficient; T, time; 
p, bulk density of the mineral skeleton. Subscripts: m, frozen; t, thawed; O, initial; w, 
water; i, ice. 
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